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Properties of NMF

basis vectors w; are not L. = can have overlap of topics
can restrict W, H to be sparse
W., H. > 0 = immediate interpretation

large w;;'s = basis vector w; is mostly about terms ;

h;1 how much doc; is pointing in the “direction” of topic
vector w;

Are;=WH, = |w; | hia+ | We | hor+- 4+ | W, | hp1

NMF is algorithm-dependent: W, H not unique



Report Card for SVD and NMF

low rank approximation improves performance on data mining tasks
noise reduction isolates essential components of matrix

quality of low rank approximation, HA — Ak”

uniqueness of low rank approximation

storage of low rank factors

interpretation of vectors in low rank factors

choosing truncation point &

orthogonality restriction on vectors in low rank factors
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Computation of NMF

MEAN SQUARED ERROR OBJECTIVE FUNCTION

min ||A — WH||%
st. WH>O0

convex in W or H, but not both = tough to get global min

huge # unknowns: mk for W and kn for H
(EX: A7oxx10x and k=10 topics = 800K unknowns)

above objective is one of many possible



Other Objective Functions

DIVERGENCE OBJECTIVE FUNCTION

mlnz ij log [WH]Z] — A;; + [WH];))

WEIGHTED MEAN SQUARED ERROR OBJECTIVE FUNCTION

min||B. x (A — WH)||%
WEIGHTED DIVERGENCE OBJECTIVE FUNCTION

_ A
min Z B@j * (Az] |Og [WH]ZJ Azg + [WH]Z])

BREGMAN DIVERGENCE CLASS OF OBJECTIVE FUNCTIONS
(coming tomorrow—Inderjit Dhillon)

SUITE OF OTHER DIVERGENCE OBJECTIVE FUNCTIONS

(NMFLAB—Cichocki)
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Table 1. Amari Alpha-NMF algorithms

Z yzkzzk Oéyzk + (= 1)zix

Amari alpha divergence: D( ) (yir||zik) (@—1)

wx \ ltasx
Algorithm: Tjk (mjk (Zzn:l Qij (ﬁ)a> )

wa\ ltosa
N Yik o <
aij (aij <Zk:1 Tjk (ﬁ) ) )
Qi < @ij/ 32, Opjs

O<wx <2, O<wa<?2

. = (yir — [AX]ir)?
Pearson distance: (o = 2): qu 2>(yik||zik) = E e
ik [AX]ix

wx \ ltasx

. . ) ) m - Yik 2\ 2
Algorithm: ik — | Tjn Zizla”(m)

A (aij <chv:1 jk ([Ay%mf) )H%A

aij < aij/ 3, Apj,

TN

O<wx <2, 0<wa<?2

: : a=0.5 (yir — [AX]ir)?
Hellinger distance: (o = %) qu 0 )(yzkHsz) = Z T AXL,
- (A
. 2wy 1tasx
Algorithm: Tjk (Jf'jk (Z:Zl @ij Jﬁ) )

m 2w I+aga
N ik
o ( (2t ) )

aij < aij/ 32, pj,

O<wx <2, 0<wa<?2




Table 2. Amari Alpha-NMF algorithms (continued)
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Kullback-Leibler divergence: (ov — 1):

Yik
[AX ]k

limg 1 D (yir|2ix) = Zyik log — Yik +
ik

Algorithm: Tjk — (mjk (Z Qij

aij < aij/ 3, ap;

O<wx <2, 0<wa<?2
Dual Kullback-Leibler divergence: (o — 0):
. o AX];
lima—0 Df4 )('yzkHsz) = Z[AX]ik log [y% + yix — [AX ik

ik

. o Yik wx i
Algorithm: Tjk (x]-k H ( > )
it \[AX]

N . 5%k
] [ Yik

A (aij <[AX]zk> )
k=1

aij < aij/ 3, ap;

0<wx <2,

O<wa<?2

1+asx

1+asa
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Table 3. Other generalized NMF algorithms

Beta generalized divergence:
(B) yzk
D ym | |sz Z Yik

Kompass algorithm:
S aiy (ya/[AX]57)
Y ai [AX]) T e

14+ag
i a Ek 1Lk (ylk/[AX] ) B
’ ’ Zk:l Tjk [AX]zk +e

Tjk < Tjk

aij < aij/ 3=, Gpj)

Triangular discrimination:

e Byir + (8 — 1)zix
D(Tm(yikﬂzik Z ik ”‘ 33— 1)

Algorithm:

2yzk 9 wx\ ltasx
Tjk < <3€jk <Zz 1 @ij (m) ) )

Wik ) wa\ 1Hasa
Qij < (aw (Zk 1 Lik (m) ) )

aijhaij/zpam? 0<wx<27 O<wa<?2

Itakura-Saito distance:

Drsielze) = 3 UL o (ﬁ> 1
Algorithm:
X —X 0 [(ATP) o (ATQ +¢)].°
A— A0 [(PXT) o (QXT +¢).°

aij < aij/ 32, apj, B=1[0.5,1]

P=Y0(AX +¢)% Q=10(AX +¢)
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Table 4. Generalized SMART NMF adaptive algorithms and corresponding loss func-
tions - part I.

Generalized SMART algorithms

N m
@ij < @ij €Xp (Z i Tk p(Yiks Zik)) s Tjk < Tjk OXP (Z n; aij p(Yik, Zik)) ;
k=1

i=1

aj = Z:nzl ai;j =1, Vi, ai; >0, yix >0, zir = [AX}ZIC >0, zjx 20

Divergence: D(Y'||A X)) Error function: p(yik, 2ik)

Dual Kullback-Leibler I-divergence: Dxr2(AX]||Y)

Zi i
Z <Z~Lk In ” ko Yik — sz) , p(Yik, zir) = In (yfk)7
ik ;

z
ik ik

Relative Arithmetic-Geometric divergence: Drac(Y||AX)

Yik + Zik 2Yik
E ik + zig) In | = ) + vk — zik ), ik, Zik) = In [ ————— ),
((y F &) ( 2yik > Yik k) Plyir, zir) (ym + 2m>

ik

Symmetric Arithmetic-Geometric divergence: Dgac(Y ||AX)

; ik i i ik — Zik 2./Yik Zi
22 <ylk T2 In <ylk hs ZLk))v p(Yik, zik) = Yik — Zik +1In < YiZik
— 2 2\/YikZik 22k Yik + Zik

)

J-divergence: D;(Y ||AX)

Yik — Zik Yik 1 Yik Yik — Zik
71 iky <1 = 71 Y
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Table 5. Generalized SMART NMF adaptive algorithms and corresponding loss func-
tions - part II.

Relative Jensen-Shannon divergence: Drys(Y ||AX)

2y, i 2\/Yik %
Z <2y¢k In <L> + Zik — ym), P(Yik, zik) = Yik — Zik | <M>,

- Yik + Zik 22k Yik + Zik

Dual Jensen-Shannon divergence: Dpys(Y||AX)

Z ik 2Yik Zik + Yik
i + i hl |, iky Zi = ln Iee— I
yir 1 (sz + Yik ) Yik <sz + yzk) P(yik, 2i) ( 2Yik )

Symmetric Jensen-Shannon divergence: Dgys(Y |[|AX)

2Yik 2zik Yik + Zik
7 1 - 0 1 ) ik <1 :1 Y R
Zykn<yk+zlk)+2kn<yik+zik> Pyir, Zir) n( 22k

ik

Triangular discrimination: Dr (Y ||AX)

(Yir — zin)? } < 2yik )2
e ik, 2ik) = | ———— | — 1,
Z { Yik + Zik Plyin, zir) Yik + Zik

ik

Bose-Einstein divergence: Dpr(Y ||AX)

Zylk In ( + Oé)yvk> + azik In <m)7 p(yik, sz) = aln <y7k+ﬂ>7

Yik + ik Yik + azik (14 a)zix




Early NMF Algorithms

Alternating Least Squares
Paatero 1994
ALS algorithms that incorporate sparsity

Multiplicative update rules
Lee-Seung 2000
Hoyer 2002

Gradient Descent
Hoyer 2004
Berry-Plemmons 2004



PMF Algorithm: Paatero & Tapper 1994

MEAN SQUARED ERROR—ALTERNATING LEAST SQUARES
min ||A — WH|%
st. WH>0

W = abs(randn(m,k));
for i =1 : maxiter
Ls forj=1: n=4#docs, solve
minu,; [|A.; — WH,;|3
st H, >0
s forj=1: m = #terms, solve
minw;, [|A;. — W HIJ3
st W,, >0
end



ALS Algorithm

W = abs(randn(m,k));

for i = 1 : maxiter
s solve matrix equation W/WH = WA for H
woxsee H=H. % (H >= 0)
s solve matrix equation HH' W' = HA' for W
vossee W =W, % (W >=0)

end



ALS Summary

fast

works well in practice
speedy convergence

only need to initialize W©
O elements not locked

no sparsity of W and H incorporated into mathematical setup
ad hoc nonnegativity: negative elements are set to 0

ad hoc sparsity: negative elements are set to O

no convergence theory



Early NMF Algorithms

Alternating Least Squares
Paatero 1994
ALS algorithms that incorporate sparsity

Multiplicative update rules
Lee-Seung 2000
Hoyer 2002

Gradient Descent
Hoyer 2004
Berry-Plemmons 2004



NMF Algorithm: Lee and Seung 2000

MEAN SQUARED ERROR OBJECTIVE FUNCTION
min ||A — WH|%
st. WH>0

W = abs(randn(m,k));
H = abs(randn(k,n));
fori =1 : maxiter
H=H.* (W'A) ./ (W/WH + 107Y);
W =W .* (AH') ./ (WHH! + 1079);
end

Many parameters affect performance (k, obj. function, sparsity constraints, algorithm, etc.).

— NMF is not unique!

(proof of convergence to based on E-M convergence proof)



NMF Algorithm: Lee and Seung 2000

DIVERGENCE OBJECTIVE FUNCTION

A
min Z(Aw log [WHy]@'j — A;; + [WH];;)
5]
st. WH>O0

W = abs(randn(m,k));
H = abs(randn(k,n));
fori =1 : maxiter
H=H. (WA ./(WH+107?))) ./ WleeT;
W=W.*((A./(WH+10?)H?) ./ ee"HT;
end

(proof of convergence to based on E-M convergence proof)

(objective function tails off after 50-100 iterations)



Multiplicative Update Summary

convergence theory: guaranteed to converge to fixed point

good initialization W(® H®© speeds convergence and gets to
better fixed point

fixed point may be local min or saddle point

good initialization W®© H© speeds convergence and gets to
better fixed point

slow: many M-M multiplications at each iteration
hundreds/thousands of iterations until convergence

no sparsity of W and H incorporated into mathematical setup
O elements locked
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Table 1. Amari Alpha-NMF algorithms
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Table 2. Amari Alpha-NMF algorithms (continued)
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Kullback-Leibler divergence: (ov — 1):
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Table 3. Other generalized NMF algorithms
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Table 4. Generalized SMART NMF adaptive algorithms and corresponding loss func-
tions - part I.

Generalized SMART algorithms
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Table 5. Generalized SMART NMF adaptive algorithms and corresponding loss func-
tions - part II.

Relative Jensen-Shannon divergence: Drys(Y ||AX)
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Early NMF Algorithms

Alternating Least Squares
Paatero 1994
ALS algorithms that incorporate sparsity

Multiplicative update rules
Lee-Seung 2000
Hoyer 2002

Gradient Descent
Hoyer 2004
Berry-Plemmons 2004



Sparsity Measures

Berry et al.  [|x||5

v—|[X|1 /1|2

Hoyer  spar(X,x1) = i

Diversity measure E®(x)=>"" |z;/’, 0 <p <1
EP(x) = -5 |z’ p< 0

Rao and Kreutz-Delgado: algorithms for minimizing E®)(x)
s.t. Ax = Db, but expensive iterative procedure

ldeal nnz(x) not continuous, NP-hard to use this in optim.



NMF Algorithm: Berry et al. 2004

GRADIENT DESCENT-CONSTRAINED LEAST SQUARES

W = abs(randn(m,k)); (scale cols of W to unit norm)
H = zeros(k,n);
for i =1 : maxiter
cLs forj=1: #docs, solve
ming,; [[A; — WH,||3 + A[H; |3
st H, >0

co W =W .*(AHY) ./ (WHH! + 107?); (scale cols of W)
end



NMF Algorithm: Berry et al. 2004

GRADIENT DESCENT—CONSTRAINED LEAST SQUARES

W = abs(randn(m,k)); (scale cols of W to unit norm)
H = zeros(k,n);
fori =1 : maxiter

cs for j=1: #docs, solve

miny,, [|As; — WH (13 + A[H. ;13
st. H,;>0
solve for H: (W/W + X 1) H=W'A; (small matrix solve)

eco W =W .* (AH'") ./ (WHH' + 107?); (scale cols of W)

end

(objective function tails off after 15-30 iterations)



Berry et al. 2004 Summary

fast: less work per iteration than most other NMF algorithms
fast: small # of iterations until convergence
sparsity parameter for H

O elements in W are locked
no sparsity parameter for W

ad hoc nonnegativity: negative elements in H are set to 0,
could run Isgnonneg Or snnis instead

No convergence theory





